INTRODUCTION
The literature on probability techniques applicable to problems in hydrology is abundant but s c a t t e r e d through scientific journals of both hydrology and s t atistics. Important administrative and Judicial decis i o n s presently face water-compact commisslons, courts, and water-planning committees. These and o t h e r groups might find useful, a brief and simplified discussion of how statistical tgchniques c a n aid i n analysing problems of w a t e r sapply. The i n t e r e s t exp r e s s e d i n this subject by various p a r t i e s to the litigation concerning the Colorado Rjver prompts this publication of material, which was p r e s e n t e d in August 1958 before the Special M a s t e r of the Supreme Court hearing the proceedings of Arizona v. California e t al. The examples presented h e r e a r e the s a m e as those used in testimony before the Special Master, but there are included the basic computations, which were too detailed to present i n the actual testimony.
The specific example, which was analyzed i n that testimony, w a s a 61-year series of annual discharge values of the Colorado R i v e r a t Lees F e r r y , 1896 to 1956, inclusive, However, the methodology presented herein is generally applicable to many other s t r e a mflow r e c o r d s ; and the specific data discussed should be viewed as exemplifying the types of information, which can be obtained from any streamflow r e c o r d .
The series of data used a r e the 61 y e a r s of recons t r u c t e d r e c o r d of annual discharge values r e p r e s e n ting the so-called virgin flow of the Colorado River a t Lees F e r r y . ' This p a r t i c u l a r s e r i e s w a s used by witnesses from Arizona and California in the Colorado River litigation (California exhibit 220 1A). The series l T h e division between the upper basin and lower basin of the Colorado River, as defined in the Colorado River compact of 1922, is a point on the Colorado River 1 m i l e downstream from the P a r i a River. T h i s point is called Lee F e r r y in the compact. Lees F e r r y is the name of a nearby place where the Geological It is generally understood that the mean flow experienced during the period of record a t a given gaging station will not necessarily be duplicated in future periods. However, i t is not a s well recognized that p r o p e r analysis c a n yield much information in addition to the mean flow for the period of record. Simple statistical techniques can be used to obtain values of the probability that any specific flow will be equaled orexceeded in the future, o r that any particular value will not be reached in future periods. The objectively determined probabilities will not dictate a particular c o u r s e of action of decision, but they do a t least provide a framework within which decisions on water-supply problems can be made.
It should be emphasized that a statement of probability is not a forecast. Extensive studies of the v a r i ation of hydrologic phenomena c l e a r l y indicate that values of any hydrologic factor tend to v a r y with time, but these variations a r e not sufficiently r e g u l a r to be deemed cyclic. F o r forecasting future hydrologic events there must be repetitive cyclical phenomena; cyclic phenomena imply that a t s o m e time in the future the experience of the past will tend to be duplicated.
Repetitive cycles are, for a l l practical purposes, absent in hydrologic data. Therefore, the past record should be used as an indication only of the probability that certain events will occur in the future, not a s a forecast.
l12 months ending September 30 of y e a r shown . To determine the c h a r a c t e r i s t i c s of any large population by taking a sample. the m o s t obvious p a r a m e t e r indicated by the s a m p l e is the m e a n value . Of equal significance is the s p r e a d or dispersion of individual values about the arithmetic m e a n . In streamflow. f o r example. the annual discharge values include a few exceptionally l a r g e ones. a few s m a l l ones. and a p r eponderance of d i s c h a r g e s centered around some c e n t r a l value . The distribution of annual discharges is shown graphically by a histogram that shows the (3) Deviation f r o m m e a n (in thousands of a c r e -f e e t ) number of y e a r s in which the discharge falls into different c a t e g o r i e s of size .
When the distribution of s i z e s o r quantities in a p ulation follows the so-called n o r m a l law. the histo w i l l p r e s e n t the shape of the normal distribution . smooth c u r v e drawn through the points on g r a m will r e s u l t in a bell-shaped curve. such as i s shown in figure 1 . A normally distributed population is; by defimtion. one whose histogram can be approxi mated by the bell-shaped curve i l l u s t r a t e d .
Normal distributions have c e r t a i n standard charac t e r i s t i c s . One is that the arithmetic m e a n of the valu should be identical with the mode. which is that category having the l a r g e s t number of c a s e s . This chara c t e r i s t i c will be present only when the bell-shaped curve is s y m m e t r i c a l . The s y m m e t r y of the bellshaped c u r v e is drrect evidence that 50 percent of the By the s a m e reasoning, a c h a r a c t e r i s t i c of a n o r m a l distribution is that a spread of values m a y be defined within which 50 percent of the individual values fall. Such a s p r e a d is defined as one probable deviation on each s i d e of the mean. This s p r e a d is is indicated on the graph of figure 1.
For the s a m e reason a given percentage of the total c a s e s will fall within the l i m i t s defined by two probable deviations on e i t h e r s i d e of the mean. It is a c h a r a c t e r i s t i c of normally distributed populations that 82 percent of the total number of c a s e s will l i e within 2 probable deviations on e i t h e r side of the mean, and that 96 percent of the c a s e s w i l l lie within the limits of 3 probable deviations on e i t h e r s i d e of the mean. The bell-shaped curve of a n o r m a l distribution is asymtotic to the a b s c i s s a o r horizontal coordinate; that is, the two tails of the bell-shaped curve g r a dually approach, but do not reach, the horizontal line of the graph.
S I Z E OR QUAN
The probable deviation m a y be computed for a normally distributed population in a s i m p l e manner. One probable deviation equals 0.6745 times a quantity called the standard deviation. T h e s t a n d a r d deviation2 m a y be computed by the following formula:
where 5 is the difference between the value of an individual m e a s u r e m e n t and the m e a n of all the m e a s u r e m e n t s in a sample, and n is the number of m e a s u r e m e n t s in the sample.
-An example of the computation of the standard deviation is given i n table 1. Column 2 in table 1 shows the annual flow in a c r e -f e e t at Lees F e r r y f o r each w a t e r year. The a r i t h m e t i c m e a n of column 2 is computed to be 15,180,GOO acre-feet.
Deviations from the m e a n shown in column 3 are m e r e l y the difference between the individual annual discharge values and the above-mentioned mean, Column 4 is a tabulation of the s q u a r e of the deviations o r the s q u a r e of each value i n column 3. The probable deviation is indicated as the product of the factor 0.6745 t i m e s the s t a n d a r d deviation, o r l'tobable deviation = 0.6745 x4.22 = 2.84 million acre-feet Ry definition, therefore, one probable deviation on eithe'r s i d e of the m e a n would include 50 p e rcent of all the values listed i n column 2. That i s , 50 percent of the values in column 2 lie within the limits of 18.02 and 12.34 million acre-feet. The data in column 2 will verify this statement approximately. Probability analysis is greatly simlified where the data i n the s a m p l e are distributed i n a normal manner.3 That the data shown in table 1 a r e n o r m a l l y distributed will be shown, after a discussion of the use of probability p a p e r f o r plotting.
PROBABILITY PLOTTING
F o r ease of analysis, the bell-shaped graph of a n o r m a l distribution can be plotted i n a somewhat diff e r e n t m a n n e r by accumulating progressively the number of c a s e s equal to, o r less than, any particular value. Such a cumulative curve is shown in figure 2A . F o r the vertical s c a l e , probable deviations on e i t h e r s i d e of the m e a n are used. Note that, as indicated above, in defining a normal distribution 50 percent of the cases are g r e a t e r than the m e a n and,,therefore, the value of 50 percent on the a b s c i s s a corresponds to 0 on the ordinate scale. One probable deviation below the m e a n should a l s o correspond with 25 percent of the c a s e s , inasmuch a s the s p r e a d between the m e a n and one probable deviation below the m e a n must cons i s t of 25 percent of the total valhes. Thus, the 25percent point on the a b s c i s s a c o r r e s p o n d s to -1 probable deviation on the ordinate; and, similarly, 75 p e rcent on the a b s c i s s a corresponds to one probable deviation above the mean on the ordinate. It was also stated that one probable deviation on e i t h e r side of the m e a n will include 50 percent of the total cases; on f i g u r e 2 the &fference between 75 p e r c e n t and 25 p e rcent is 50 percent of the total. A l s o note that in figure 2A the cumulative distribution approaches but does not reach a b s c i s s a values of 0 and 100.
In o r d e r to f u r t h e r simplify the cumulative frequency distribution curve, the abscissa s c a l e can be changed by spreading out the values in such a way that the Sshaped line of figure 2A becomes a s t r a i g h t line, as shown in figure 2B . The expanded horizontal scale should be such that the c h a r a c t e r i s t i c s of a normal distribution are fulfilled. A s a n example, 82 percent of the cases should l i e within two probable deviations on e i t h e r s i d e of the mean. Thus, the value of -2 on the ordinate s c a l e will appear a t a n a b s c i s s a value of 9 percent, and t 2 on the ordinate s c a l e will appear opposite 91 perm-nt on the abscissa.
The a b s c i s s a s c a l e s o constructed that
cumulative frequency distribution will plo Line is, by definition, a probability scale. i n which the probability scale is printed as is widely used and can be purchased at m o s engineering-supply s t o r e s .
T o test whether a s e r i e s of data is normally distributed, the values m a y be arranged in o r d e r of magnitu and plotted on probability paper. Table 2 lists the annual flows of the Colorado f i v e r in o r d e r of magnitude, beginning with the largest. If s u c h data aline 3The annual discharges of all r i v e r s a r e not normal distributed. In general, however, the annual flow of th l a r g e r s t r e a m s , and those in humid regions tends tow a r d normality.
themselves approximately i n a straight line on probability paper. the values in the sample m a y be conside r e d to be normally distributed . In making such a graph. in which g is the rank of the individual number i n the a r r a y and n is the total number of c a s e s in the sample .
The plotting positions for data in table 2 are computed by this formula and shown in column 3 . In table 2. 1 y e a r of 6 1 y e a r s constitutes 1.6 percent of the total sample . Having a r r a n g e d the 6 1 values i n o r d e r of magnitude. as shown in column 2. the computed plotting position places each point in a b s c i s s a positions 1.6 percent a p a r t .
PROBABILITY ANALYSIS A P P L I E D T O A WATER-SUPPLY PROBLEM
A s indicated previously (p . 4). the probable deviation is computed to be 2.84 million acre-feet; 2.84 million acre-feet on e i t h e r side of the m e a n ( fig . 3 ) should include 50 percent of the total values i n table 2 . The graph i n figure 3 confirms this computation . The ordinate value of 12.34 corresponds to an abscissa value of 25 percent and 18.02 corresponds to a n abs c i s s a value of 75 percent.
The value of one probable deviation can be obtained by reading the difference between the ordinates corresponding to 50 percent and 25 percent on the plotted graph. without going through the numerical computation shown on page 4 . Not all hydrologic data are normally distributed .
Such data should be transformed-to use a statistical term-to provide a s e r i e s of values that are normally distributed . In some cases. though the individual values are not normally distributed. the logarithms of those values will be normally distributed . The handling of log-normal distributions is beyond the scope of this The data in table 2. plotted on arithmetic probability paper. are shown in figure 3. where the 61 points aline themselves in a reasonable approximation to a straight line. as illustrated by a line drawn to conform with the points . report . 
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The probable error is 0.6745 x 0.54 = 0.364 million acre-feet.
This figure can be interpreted in two ways: (a) as a 50-percent chance that the 61-year m e a n of r e c o r d l i e s within 0.364 million a c r e -f e e t of the t r u e mean of an indefinite s e r i e s of y e a r s o r (b) as the probable deviation of an indefinitely l a r g e number of 61-year means.
However, this calculation is based on an assumption that the data occur in random order-a requirement not actually met in hydrologic data. That is, neither the individual annual values nor the m e a n s of other s u c c e s s i v e periods o c c u r in random o r d e r . This lack of random sequence is explained below and a method of correcting for i t is discussed. This tendency f o r grouping is called persistence. It is c l e a r that i f the means of groups that included a nonrandom a s s o r t m e n t of individuals w e r e computed, the s p r e a d o r deviation among the means would be g r e a t e r than if the groups consisted of a random selection of individuals. A s an example, imagine m e a s u r e m e n t s of the m e a n height of 10-men groups on a college campus Suppose the groups were made up by a random p r o c e s s so that each individual group of 10 consisted of some s h o r t men and s o m e tall ones. In contrast, suppose that one of the 10-man groups consisted of the football team, another the basketball team, a third the coxswains of the crew, and so forth. The mean height of the basketball players would be l a r g e r than the m e a n of 10 randomly selected individuals. The mean of the coxswains would be s m a l l e r than the m e a n of a r a ndomly selected group. Thus, the variation among the m e a n s of 10-men groups would be l a r g e r i n the team groups -the nonrandomly selected groups -than i n the randomly selected ones. Likewise, the s p r e a d of m e a n s of groups consisting of wet y e a r s and those consisting of dry y e a r s would be g r e a t e r than if the groups consisted of randomly o r d e r e d individual y e a r s . engineer, H. E. Hurst (1950) . By working with the lo e s t r e c o r d of r i v e r stage in the world, the 1,050 y e a r of recorded s t a g e of the Nile a t the Roda gage, Hurst obtained evidence that the tendency f o r wet y e a r s to occur together and dry y e a r s together increased v a r i a bility of m e a n s of various periods. O t h e r scientists confirmed this tendency with independent data. the m e a n plotted at 50-percent probability, The second point is the mean, 15.18 million acre-feet. plus the probable deviation, 2.84 million acre-feet, plotted a t 7 5 -percent probability. Similarly, the line representing the dispersion of m e a n s of 61-year periods will have an ordinate value of corresponding to a n a b s c i s s a value of 75 percent. T h i s can be interpreted as follows:
Assuming the 61-year m e a n to be the true mean, three-fourths of the discharge values representing m e a n s of 61-year periods will be equal to o r less than 15.86 million acre-feet. By the same token, one-Fourth of the m e a n s of future 61-year p e r i o d s will be equal to o r less than Throughout this discussion i t will be understood that 
CONFIDENCE IN ESTIMATE OF FUTURE VARIABILITY
In figure 6 shows the m o s t probable distribution of m e a n s of future 1 0 -y e a r and 61-year periods, a s s u m i n g the 61-year m e a n to be the true mean. The p h r a s e " m o s t probable" i m p l i e s that the true variation, which actually will be experienced, m a y be somewhat different. T h i s is reasonable because a n estimate m a d e f r o m a s a m p l e would be unusual if i t w e r e a perfect e x p r e s s i o n of the whole population. Probability theory allows an objective e s t i m a t e of the expected deviation of any s a m p l e or group of s a m p l e s from the true a t t r i b u t e s of the whole population. In the previous analysis, the s a m p l e mean w a s a s s u m e d to be the s a m e a s the true mean. The probability that the s a m p l e m e a n m a y differ f r o m the t r u e m e a n is considered below.
The objective e s t i m a t e of sampling differences is called the confidence limit or confidence band. Confidence limits are derived f r o m the c h a r a c t e r i s t i c of n o r m a l distributions already employed, so that the s t a n d a r d e r r o r of the m e a n of a s a m p l e is an approximation of the s t a n d a r d deviation of the m e a n s of many s a m p l e s of equal size.
The m e a n value of the 61-year s a m p l e of annual dis- d e s i r e d confidence could be defined. The p r e s e n t discussion d e a l s with only one of these various possible confidence limits that r e p r e s e n t s a 50-percent chance.
The 50-percent confidence band h a s been drawn on figure 7 as a p a i r of parallel l i n e s lying 0.68 million a c r e -f e e t above and below the m e a n a t the a b s c i s s a value of 50 percent. The slope of the parallel lines was determined previously; that IS, the ordinate value a t 75-percent probability is 0.68 million acre-feet higher than the ordinate a t 50-percent probability. Thus, the confidence-limit llnes a r e parallel to the line o n figure 6 that represented the most probable dispersion of m e a n s of future 61-year periods. ution of means of future 61-year periods drawn on figure 6 could lie in a slightly upward or dowxward position on the chart. T h e r e is a 50 percent chance that i t s true position is within a s p r e a d upward o r downward of the m e a n by an amount equal to 0.24 probable deviation o r 0.68 million acre-feet.
A s defined earlier, there is a n 82-percent chance that a l i m i t of twice this value above o r below the s a m p l e m e a n would include the true m e a n of the whole population. In such a m a n n e r bands expressing any is a l s o a 50-percent chance that the distribution of future 61-year m e a n s will lie outside of the confidence band drawn.
PROBABLE VALUE O F MEAN FLOW I N NEXT

61-YEAR PERIOD
When the probable value of the m e a n of some prospective period in the future, such as the next time period, is discussed, then i t m u s t be considered that the period will a l s o be a s a m p l e with the s a m e probability of variation f r o m the true m e a n as was the s a m p l e already available. The variation from the t r u e value of the mean of the available s a m p l e m u s t be P RUB ;ABILITY ANALYSIS APPLIED coupled with the variation in the next sample to obtain the total possible variatipp f.rom the true, but unknown, value applicable to the whole population.
These errors-used in a s t a t i s t i c a l sense-are not added together but combined as the s q u a r e root of the s u m s of t h e i r respective s q u a r e s .
T o p r e s e n t a practical example, in a water-supply problem the engineer is i n t e r e s t e d in the probability of the m e a n discharge of the next period of time being higher o r lower than the me$n value during the period of available record. He i s particularly interested in estimating the probability of a lower value of s t r e a mflow in the next period than he observed i n the l a s t one, because in water-supply problems, deficient flow c a n be critical. In the c a s e of the 61-year period of the Colorado River at L e e s F e r r y , compute the lowest value that the m e a n of the next 61 y e a r s is likely to be in 1 chance out of 4. Inasmuch a s the variability of m e a n s of particular future 61 -y e a r periods relative to the variability of annual data from a 61-year s a m p l e equals the statistical sum of the variability of the s a m p l e and the future periods, v ( 0 . 2 4 ) ' + (0.24)2 = 0.34.
The width of the 50-percent-confidence band is, thus, 0.34 x 2.84 = 0.96 million a c r e -f e e t above and below the mean already experienced in the available sample. Therefore, t h e r e is a 50-percent chance that the next 61 -y e a r m e a n l i e s between 15.18?0.96 million a c r e -f e e t o r between 16.14 and 14.22 million acre-feet. Thus, it can be said that t h e r e is a 25-percent chance, or 1 chance i n 4, that the mean of t h e next 6 1 y e a r s would be less than 14.22 million a c r efeet .
By a s i m i l a r procedure the variability means of future 10-year periods can b e computed and the lower limit f o r the probable mean value of the next 1 0 -y e a r period can be found. variability would be In this c a s e , the combined d
x g = 0.50.
T h e r e i s a SO-percent chance that the mean flow during a specific 10-year period, such a s the next 10-year period will be 15.18!(0.5 x.2.84) = lfi.60-13.76 million acre-feet. T h e r e i s a l s o an 82-percent chance that the next 1 0 -y e a r mean will lie within two probable deviations f r o m the s a m p l e mean or 15.18: ( 2 x 0.5 x 2.84) = 18.02-12.34 million a c r efeet.
Therefore, i t can be stated that there is a 9-pe. zent chance (1 out of 11) that the next 10-year mean will be less than 12.34 million acre-feet.
With r e g a r d Lo the r e c o r d of the Colorado River at L e e s F e r r y , an inquiry could be made a s to whether the means actually experienced during the d r i e s t 10-year period of r e c o r d greatly exceeded reasonable expectations. The lowest 10-year period was the decade 1931-40, with a mean of 11.83 million a c r efeet. T h i s d i s c h a r g e w a s only slightly below that for the 9-percent probability. Thus, i t m a y be concluded that the lowest 10-year mean in the 61-year period a t L e e s F e r r y might have been expected in 1 chance out of 11-a reasonable probability of occurrence. By the s a m e reasoning, each additional increment of s t o r a g e capacity yields a s m a l l e r and s m a l l e r i n c r ement of actual flow regulation; that this is the actual experience with r e s e r v o i r s built and operated i n the United States is shown in figure 9 (Langbein, 1959) . The ordinate of this chart r e p r e s e n t s the present regulation, in which regulation is defined as the a v e r a g e of the total i n c r e m e n t s to storage that o c c u r r e d on an annual basis. Regulation on this g r a p h is expressed as a percentage of the mean annual flow. It would be physically impossible to add, on the average, m o r e water to s t o r a g e than the a v e r a g e annual flow of the s t r e a m . It will be noted that the operating A WATER-SUPPLY PROBLEM E F F E C T O F STORAGE ON STREAMFLOW VARIABILITY Variability of discharge is a n inherent characteristic of rivers. Storage r e s e r v o i r s are devised by m a n to make variable r i v e r flows match h i s needs for water; that is, water-supply r e s e r v o i r s a r e built to hold o v e r water from wet periods in o r d e r that i t may be discharged during dry ones. R e s e r v o i r storage, therefore is m e r e l y a feasible way f o r m a n to reduce the natural variability of s t r e a m discharge.
In figure 8 , the line having the g r e a t e s t slope is the m o s t probable distribution of 1 0 -y e a r means and is identical with the 10-year line of figure 6 ; i t m a y be considered to r e p r e s e n t what nature h a s provided. The line having the l e s s e r slope ( fig. 8 ) is a r b i t r a r i l y drawn on the graph to indicate the lower variability, which m a n d e s i r e s to achieve by r e s e r v o i r storage. The hatched area between the two l i n e s is a quantitative " I __ .65
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For r e s e r v o i r s with monthly detention period g r e a t e r than 0.1 y e a r , regulation w a s computed f r o m monthly changes in r e s e r v o i r contents. Daily data w e r e used for s m a l l e r r e s e r v o i r s .
' Thomas and Harbeck, 1956 . 'Ratio of usable capacity to mean annual flow. "Including evaporation losses.
The smooth line representing the g e n e r a l experience of r e s e r v o i r operation h a s been drawn through the points; i t approaches but does not r e a c h the ordinate value of 100 percent, as h a s been explained abobe. Thus, both theoretically and from actual operating experience, complete regulation yielding the m e a n annual flow of the s t r e a m is impossible to achieve. T h e smooth line i n figure 9 confirms that s u c c e s s i v e i n c r e m e n t s of r e s e r v o i r capacity ado increasingly s m a l l e r i n c r e m e n t s to regulation.
In plotting f i g u r e 9, evaporation l o s s e s f r o m the r e s e r v o i r s have been computed and included i n t h e annual regulation. If the regulation less evaporation l o s s e s were computed, the smooth c u r v e drawn in figure 9 would lie a t a lower value and become asymptotic o r even fall away f r o m the horizontal line where l a r g e values of r e s e r v o i r capacity a r e shown.
By applying the generalized experience indicated by the smooth curve i n figure 9 to the Colorado River, ordinate values have been read off the smooth curve and used to compute the increments of regulation that would be attained by different a s s u m e d r e s e r v o i r capacities constructed i n the upper Colorado h v e r basin. 'The r e s u l t s of this computatlon, again including evaporation l o s s e s a s a p a r t of the annual regulation, define the solid line in figure 10 . Evaporation l o s s e s subtracted from ordinate values yield net regulation as defined by the dashed line. It c a n be seen f r o m this dashed line that total r e s e r v o i r capacity i n e x c e s s of about 40,000,000 a c r e -f e e t would achieve practically no additional w a t e r regulation if evaporation loss is subtracted f r o m annual regulation. Thus, generalized experience with representative r e s e r v o i r s in the United States indicates that if r e s e r v o i r s with capacity beyond a n additional 10 million to 15 million a c r e -f e e t a r e constructed in the upper Colorado River basin. evaporation l o s s will thereafter offset the hydrologic benefit of the regulation so achieved. 
